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Abstract
We analyze a formulation of QED based on the Wilson renormalization group.
Although the “effective Lagrangian” used at any given scale does not have sim-
ple gauge symmetry, we show that the resulting renormalized Green’s functions
correctly satisfies Ward identities to all orders in perturbation theory. The
loop expansion is obtained by solving iteratively the Polchinski’s renormaliza-
tion group equation. We also give a new simple proof of perturbative renor-
malizability. The subtractions in the Feynman graphs and the corresponding
counterterms are generated in the process of fixing the physical conditions.
∗Research supported in part by MURST, Italy
1 Introduction
In a gauge theory the presence of ultraviolet (UV) divergences could conflict with local
gauge symmetry. There are two cases in which this conflict is avoided: dimensional regu-
larization, which is applicable only in perturbation theory, and the Wilson formulation of
lattice gauge theories [1] in which the Lagrangian is not local. However for chiral gauge
theories even in these two approaches one is forced to introduce all possible counterterms,
even those which break the local gauge symmetry [2, 3].
The most physical way to deal with UV divergences and to define the theory even beyond
the perturbative expansion is given by the Wilson renormalization group equations [4]. In
this method one starts with the Lagrangian at the UV scale Λ0 which does not have simple
gauge symmetry properties. Then one deduces the flow of the “effective Lagrangian” at a
lower momentum scale Λ by performing the path integrals over the fields with frequencies
between Λ and Λ0. By integrating over all frequencies (i.e. by setting Λ = 0) one obtains the
physical “effective action” which should satisfy the Ward or Slavnov-Taylor identities. It is
interesting to analyze in detail how these identities are violated along the renormalization
group flow but are satisfied for the final result (i.e. Λ = 0 and Λ0 →∞ ).
In this paper we study the Wilson renormalization group flow of QED and analyze
how the Ward identities are fulfilled. We use the formulation given by Polchinski [5] (see
also [6, 7] and for recent applications [8]-[12]). From this one deduces a linear differential
equation in the scale Λ for a functional Γ[A,ψ, ψ¯; Λ] of the QED classical fields Aµ,ψ and
ψ¯ (for the case of a scalar theory see Refs. [10, 11]). The expansion coefficients of this
functional are the “cutoff proper vertices” which are obtained by performing the path
integrals over the fields with frequencies between Λ and Λ0, i.e. by cutting off the fields
with frequencies outside this range. One has therefore that the physical effective action,
given by performing the path integrals over all frequency range, are formally obtained by
setting Λ = 0 and taking the limit Λ0 →∞ .
Given the evolution equation in Λ, the vertices of Γ[A,ψ, ψ¯; Λ] are determined by sup-
plementing appropriate boundary conditions. As we shall discuss in this paper this is the
place in which the gauge symmetry properties must be implemented. The boundary con-
ditions for the various vertices in Γ[A,ψ, ψ¯; Λ] depend on their dimension in mass. Vertices
with non negative mass dimension are called “relevant”, while the others are called “irrel-
evant”. Notice that they are irrelevant from the point of view of dimensional counting but
they actually describe the interaction. As we shall see the relevant vertices reduce to seven
couplings. One assumes the following boundary conditions:
1) at Λ = Λ0 all “irrelevant” vertices vanish. This corresponds to assume that, at the UV
scale, the vertices with negative mass dimension become proportional to inverse powers of
Λ0;
2) at the physical value Λ = 0 the “relevant” part of the effective action Γrel[A,ψ, ψ¯; Λ = 0]
1
is given by the classical action, e.g. in the Feynman gauge
Γrel[Aµ, ψ, ψ¯; Λ = 0] =
∫
p
{
1
2Aµ(−p) p
2δµν Aν(p) + iψ¯(−p)(/p+m)ψ(p)
}
+ ie
∫
p
∫
q
ψ¯(−p)/A(q)ψ(p− q) ,
∫
p
≡
∫
d4p
(2π)4
.
(1)
In this way one fixes the seven relevant couplings at Λ = 0 to be the physical mass and
charge, and to satisfy Ward identities.
The main result of this paper is the proof, in perturbation theory, that the functional
Γ[A,ψ, ψ¯; Λ] obtained from the renormalization group equation in Λ and the above bound-
ary conditions, satisfies Ward identities in the physical limit Λ0 →∞ and Λ = 0.
The loop expansion for the vertices of Γ[A,ψ, ψ¯; Λ] are deduced by solving iteratively
the evolution equation in Λ. They are given by the usual Feynman diagrams in which all
propagators have Euclidean momentum p in the range Λ2 < p2 < Λ20. The subtractions
needed in order to take the limit Λ0 → ∞ are automatically generated in the process
of fixing the physical conditions in (1) for the “relevant” vertices. The fact that Ward
identities are satisfied in the physical limit Λ0 → ∞ and Λ = 0 is deeply connected to
the property of perturbative renormalizability, namely to the fact that the divergences in
the non subtracted contributions of Feynman diagrams affect only the relevant vertices.
Thus UV divergences are tamed by imposing the boundary conditions which generate the
necessary subtractions. The perturbative proof of Ward identities is then obtained by
showing that at Λ = 0 the non subtracted vertices violate these identities for Λ0 →∞ only
for “relevant” contributions which are automatically cancelled by imposing the physical
conditions. For a previous analysis see for instance [8, 13].
The paper is organized as follows. First in Sect. 2 we deduce the evolution equation
for the functional Γ[A,ψ, ψ¯; Λ] and discuss in details the boundary conditions. In Sect. 3
we describe how the loop expansion is obtained from the iterative solution of the evolution
equation for Γ[A,ψ, ψ¯; Λ]. We explicitly compute to one loop order all the vertices together
with the axial anomaly diagram. To this order we show that the limit Λ0 → ∞ can be
taken, due to the proper subtractions, and that Ward identities are satisfied in the limits
Λ0 → ∞ and Λ → 0 . The proof to all perturbative order of these identities is presented
in Sect. 4. In Sect. 5 we formulate the proof of perturbative renormalizability. The last
section contains some remarks and final comments.
2 Renormalization group flow and effective action
In order to compute the vertices of the effective action one needs a regularization procedure
of the ultraviolet divergences. We regularize these divergences by assuming that in the path
integral one integrates only the fields with frequencies smaller than a given UV cutoff Λ0.
This procedure is equivalent to assume that the free photon and electron propagators vanish
for p2 > Λ20. The physical theory is obtained by considering the limit Λ0 →∞ . In order to
study the Wilson renormalization group flow [4, 5], one introduces in the free propagators
also an infrared (IR) cutoff Λ. The cutoff propagator for the electron and photon (in the
2
Feynman gauge) are
SΛΛ0(p) =
−iKΛΛ0(p)
/p+m
, δµνDΛΛ0(p) =
δµνKΛΛ0(p)
p2
,
where KΛΛ0(p) = 1 in the region Λ
2
∼<p
2
∼<Λ
2
0 and rapidly vanishing outside. The corre-
sponding free action is
SΛ,Λ00 =
∫
p
{
1
2Aµ(−p) p
2δµν Aν(p) + iψ¯(−p)(/p+m)ψ(p)
}
K−1ΛΛ0(p) . (2)
The introduction of a cutoff in the propagators breaks the gauge invariance properties of
the action. Therefore at the UV scale the interaction Lagrangian must contain all relevant
couplings with non negative dimensions
Sint =
∫
p
1
2Aµ(−p)
[
(σBmA + p
2σBα )δµν + p
2σBA tµν(p)
]
Aν(p) +
σB4
8
∫
d4x(A2(x))2
+
∫
p
iψ¯(−p)
[
σBmψ + σ
B
ψ (/p+m)
]
ψ(p) +
∫
p
∫
q
iσBe ψ¯(−p) /A(q)ψ(p+ q) ,
(3)
where
tµν(p) ≡ δµν −
pµpν
p2
.
The photon and electron mass counterterms, σBmA and σ
B
mψ
, have positive dimensions, while
the other parameters are dimensionless. σBA and σ
B
ψ are related to the wave function
renormalizations, σBα to the gauge fixing parameter renormalization, σ
B
e is related to the
bare charge and σB4 is the four photon interaction coupling. The complete Lagrangian
SΛ,Λ0 = SΛ,Λ00 + Sint violates the Ward identities, but the couplings σ
B
i should be related
in such a way that the (physical) effective action satisfies them.
In order to simplify the formulae we introduce the compact notation
Φa = (Aµ, ψα, ψ¯β) , Ja = (jµ, iχ¯α, −iχβ) ,
(J,Φ) ≡
∫
p
jµ(−p)Aµ(p) + iχ¯(−p)ψ(p) + iψ¯(−p)χ(p) .
(4)
The free cutoff propagators are described by the matrix Dab defined by
SΛ,Λ00 =
∫
p
1
2Φa(−p)D
−1
ab (p; Λ)Φb(p) ,
with SΛ,Λ00 given by (2). The generating functional computed from the cutoff action S
Λ,Λ0
will depend on Λ0 and Λ. We have
Z[J ; Λ] = expW [J ; Λ] =
∫
D [Φa] exp
{
−SΛ,Λ0 + (J,Φ)
}
where in Z[J ; Λ] and Dab(p; Λ) we have explicitly written only the cutoff Λ since we will
consider in any case the limit Λ0 →∞ . The physical functional Z[J ] is obtained by taking
the limits Λ → 0 and Λ0 → ∞ . In these limits the “bare” parameters in (3) have to be
fixed in such a way that the “relevant” part of the effective action is given by (1).
3
2.1 Evolution equation
Taking into account that all the Λ dependence of Z[J ; Λ] is coming from the cutoff in the
propagators one easily derives [5] an evolution equation in Λ
Λ∂ΛZ[J ; Λ] = −12(2π)
8
∫
q
Λ∂ΛD
−1
ba (q; Λ)
δ2Z[J ; Λ]
δJb(q)δJa(−q)
.
This equation can be converted into an equation for the corresponding cutoff effective action
Γ[Φ; Λ] defined as the Legendre transformation of W [J ; Λ]
Γ[Φ; Λ] = −W [J ; Λ] +W [0; Λ] + (J,Φ) , Φa(p) = (2π)
4 δW [J ; Λ]
δJa(−p)
.
This can be done by isolating in Γ[Φ; Λ] the contribution of the two point function
(2π)8
δ2Γ[Φ]
δΦa(q)δΦb(q′)
= (2π)4δ4(q + q′)∆−1ba (q; Λ) + Γ
int
ba [q
′, q; Φ] , (5)
where ∆ab(q; Λ) is the full propagator. In Appendix A we derive the evolution equation for
the cutoff effective action and obtain
Λ∂Λ
{
Γ[Φ; Λ]− 12
∫
q
Φa(−q)D
−1
ab (q; Λ) Φb(q)
}
= −12
∫
q
Mba(q; Λ) Γ¯ab[−q, q; Φ; Λ] , (6)
where
Mba = ∆bc(q; Λ)Λ∂ΛD
−1
cd (q; Λ)∆da(q; Λ) (7)
and Γ¯ab[q, q
′; Φ] is the auxiliary functional defined by the integral equation (see Fig. 1)
Γ¯ab[q, q
′; Φ] = (−)δb Γintab [q, q
′; Φ] −
∫
q′′
Γ¯cb[−q
′′, q′; Φ]∆dc(q
′′; Λ)Γintad [q, q
′′; Φ] , (8)
where δb is one if b is a fermion index and zero otherwise. In terms of the proper vertices
of Γ[Φ; Λ] the evolution equations are (n ≥ 3)
Λ∂ΛΓc1···cn(p1, · · ·pn; Λ) = −
1
2
∫
q
Mba(q; Λ) Γ¯ab,c1···cn(−q, q; p1, · · · pn; Λ) , (9)
where Γ¯ab,c1···cn(q, q
′; p1, · · · pn; Λ) are the vertices of the auxiliary functional Γ¯[Φ; Λ]. For
the two point function we write
∆−1ab (q; Λ) = D
−1
ab (q; Λ) + Πab(q; Λ)
and one has
Λ∂ΛΠcc′(p; Λ) = −12
∫
q
Mba(q; Λ) Γ¯ab,cc′(−q, q;−p, p; Λ) . (10)
The vertices of the auxiliary functional are obtained in terms of the proper vertices by
expanding (8) and one finds
Γ¯ab,c1···cn(q, q
′; p1, · · · pn; Λ) = Γabc1···cn(q, q
′, p1, · · ·pn; Λ)
−
∑′
Γaci1 ···cikc′(q, pi1, · · · , pik , Q; Λ) ∆c′c′′(Q; Λ)Γ¯c′′b,cik+1 ···cin (−Q, q
′; pik+1, · · ·pin ; Λ)
(11)
where Q = q+pi1 + · · ·pik , and
∑′ is the sum over the combinations of photon and fermion
indices (i1 · · · in) taking properly into account the symmetrization and anti-symmetrization.
4
2.2 Boundary conditions
The evolution equation for Γ[Φ; Λ] has to be supplemented by the appropriated boundary
conditions for the relevant couplings at Λ = 0 and for the “irrelevant” vertices at Λ = Λ0.
The relevant part of the effective action can be written in terms of the seven parameters
as follows
Γrel[Φ; Λ] =
1
2
∫
p
Φa(−p)D
−1
ab (p; Λ) Φb(p) +
∫
p
iψ¯(−p)
[
σmψ(Λ) + σψ(Λ)(/p+m)
]
ψ(p)
+
∫
p
1
2Aµ(−p)
[
(σmA(Λ) + p
2σα(Λ))δµν + p
2σA(Λ)tµν(p)
]
Aν(p)
+
∫
p
∫
q
iσe(Λ)ψ¯(−p) /A(q)ψ(p+ q) +
σ4(Λ)
8
∫
d4x(A2(x))2 .
(12)
As described in the Introduction, the boundary conditions are:
1) at Λ = 0
σe(0) = e , σi(0) = 0 , for i = mA , mψ , α , A , ψ , 4; (13)
2) at Λ = Λ0
Γirrel[Φ; Λ = Λ0] = 0 , (14)
with Γ = Γrel + Γirrel. Ward identities are satisfied then at Λ = 0 for the relevant part of
the effective action. All couplings with negative dimension entering in Γirrel[Φ; Λ] can be
neglected for large Λ.
We analyse in detail these boundary conditions.
1) The photon propagator has the form
∆−1µν (p; Λ) = δµν p
2K−1ΛΛ0(p)+Πµν(p; Λ) , Πµν(p; Λ) = δµνΠL(p; Λ)+tµν(p) ΠT (p; Λ) (15)
with the longitudinal and transverse components given by
ΠL(p; Λ) =
pµpν
p2
Πµν(p; Λ) , ΠT (p; Λ) =
1
3
(
δµν − 4
pµpν
p2
)
Πµν(p; Λ) .
Using the three relevant couplings in (12) we have
ΠL(p; Λ) = σmA(Λ) + p
2σα(Λ) + ΣL(p; Λ) , ΠT (p; Λ) = p
2σA(Λ) + ΣT (p; Λ) ,
ΣT,L(0; Λ) = 0 ,
∂ΣT,L(p; Λ)
∂p2
= 0 at p2 = µ2 ,
(16)
where µ is a subtraction point. From this definition we can factorize in the vertices ΣT,L a
dimensional function of p, thus they are “irrelevant”. The boundary conditions are then
σmA(0) = σα(0) = σA(0) = 0 , ΣT,L(p; Λ0) = 0 . (17)
2) The fermion propagator has the form
S−1(p; Λ) = i(/p+m)K−1ΛΛ0(p) + Π(p; Λ) , Π(p; Λ) = iσmψ(Λ) + i(/p +m)σψ(Λ) + Σ(p; Λ) ,
Σ(p; Λ) = 0 at /p = −m,
∂
∂pµ
Σ(p; Λ) = 0 at p = 0 ,
(18)
5
where σmψ , σψ are two relevant couplings and the vertex Σ(p; Λ) is irrelevant. The boundary
conditions are then
σmψ(0) = σψ(0) = 0 , Σ(p; Λ0) = 0 . (19)
3) For the electron-photon vertex we have one relevant coupling
Γµ(p, p
′; Λ) = iγµ σe(Λ) + Σµ(p, p
′; Λ) , Σµ(0, 0; Λ) = 0
and the boundary conditions are
σe(0) = e , Σµ(p, p
′; Λ0) = 0 . (20)
4) For the four photon interaction vertex one has
Γµ1···µ4(p1 · · · p4; Λ) = σ4(Λ)(δµ1µ2δµ3µ4 + δµ1µ3δµ2µ4 + δµ1µ4δµ2µ3) + Σµ1···µ4(p1 · · · p4; Λ) ,
Σµ1···µ4(0, 0, 0, 0; Λ) = 0
(21)
and the boundary conditions are
σ4(0) = 0 , Σµ1···µ4(p1 · · · p4; Λ0) = 0 . (22)
5) For all other vertex functions the dimensions are negative and one has
Γc1···cn(p1 · · · pn; Λ0) = 0 . (23)
Finally we observe that the matrix Mab(q;λ) in (7) for the fermion and photon case can be
written in the following form
Mαβ(q;λ) =− [1 + SΛΛ0(q) Π(q;λ)]
−2 −i
/q +m
λ∂λKλΛ0(q) ,
Mµν(q;λ) =−
{
[1 +DΛΛ0(q) ΠL(q;λ)]
−2 qµqν
q2
+ [1 +DΛΛ0(q) (ΠL(q;λ) + ΠT (q;λ))]
−2 tµν(q)
}
1
q2
λ∂λKλΛ0(q) ,
(24)
where we used the propagators decompositions in (15) and (18). Notice that λ∂λKλΛ0(q)
is different from zero only for q2 ≃ λ2, and is then independent of Λ0.
3 Loop expansion
The loop expansion is obtained by solving iteratively (9) and (10). Here we compute the
first loop. The starting point of the iteration is the zero loop order in which, from (13),
the only non vanishing coupling is
σ(0)e (Λ) = e .
The zero loop auxiliary vertex corresponding to the electron emitting n photons is given
by Fig. 2a
Γ¯
(0)
αβ,µ1···µn(q, q
′; p1 · · · pn; Λ) = i(−e)
n
{
I(ΛΛ0)µ1···µn(q; p1, · · · pn)
}
αβ
+ permutations , (25)
6
where q′ is given by momentum conservation,
I(ΛΛ0)µ1···µn(q; p1, · · ·pn) ≡ Iµ1···µn(q; p1, · · ·pn)KΛΛ0(q + p1, · · · , q + p1 + · · · pn−1) ,
Iµ1···µn(q; p1, · · ·pn) = γµ1
1
/q + /p1 +m
γµ2 · · ·
1
/q + /p1 + · · · /pn−1 +m
γµn
(26)
and we have introduced the general cutoff function
KΛΛ0(q1, q2, · · · , qn) ≡ KΛΛ0(q1)KΛΛ0(q2) · · ·KΛΛ0(qn) .
The other zero loop auxiliary vertices are written in a similar way.
The one loop vertices are obtained by using in the right hand side of (6) the auxiliary
vertices and propagators at zero loop. Once the boundary conditions are imposed, the one
loop vertices are given in terms of subtracted integrands. Then all momentum integrations
are UV convergent and we can take the limit Λ0 → ∞ . We show also that at Λ = 0 and
Λ0 →∞ the Ward identities are satisfied to this order.
1. Electron propagator
The one loop contribution for the electron propagator is obtained from the evolution
equation (10) by using in the r.h.s. the zero loop contribution
Λ∂ΛΠ
(1)
αβ(p; Λ) = −
1
2
∫
q
M
(0)
ba (q; Λ) Γ¯
(0)
ab,αβ(−q, q;−p, p; Λ) , (27)
where M
(0)
ba = −Λ∂ΛDba and the auxiliary vertices Γ¯
(0)
α′β′,αβ and Γ¯
(0)
µν,αβ are given in Fig. 2b.
By noticing that there is a factor 2 for both cases coming from the permutations of the
vertices in Γ¯ (see Eq.(11)), the solution of Eq. (27) is
Π′(p; Λ) = ie2
∫
q
1
q2
γρ
1
/p+ /q +m
γρKΛΛ0(q, q + p) ,
apart from a term constant in Λ. This is fixed by imposing the boundary conditions (19)
and we obtain the one loop contribution
Π(1)(p; Λ) = Π′(p; Λ)− Π′(p¯; 0)− (pµ −
m
4
γµ)∂p′µΠ
′(p′; 0)|p′=0 , /¯p = −m.
Because of these subtractions, we can take the limit Λ0 →∞
Π(1)(p; Λ) =ie2
∫
q
1
q2
{
γρ
1
/p+ /q +m
γρ − γρ
1
/¯p+ /q +m
γρ + (pµ −
m
4
γµ)χµ(0, 0, q)
}
+ ie2
∫
q
1
q2
γρ
1
/p+ /q +m
γρ (KΛ∞(q, q + p)− 1) ,
(28)
where
χµ(p, p
′, q) ≡ γρ
1
/q + /p +m
γµ
1
/q + /p′ +m
γρ .
The last term, which is Λ-dependent, is convergent due to the finite range of integration
coming from the IR cutoff. As we shall see this term is violating the Ward identities but is
vanishing at the physical value Λ = 0 since KΛ∞(p)→ 1 for Λ→ 0 .
7
By using a sharp momentum cutoff in (28), we find that for Λ → ∞ the relevant
couplings (i.e. the parameters in the bare Lagrangian) are given by
σ(1)mψ(Λ) =
3e2
16π2
m log
Λ2
m2
+O(∞) , σ(∞)ψ (∗) =
⌉∈
∞6π∈
log
∗∈
m∈
+O(∞) . (29)
In the following we will compute the other bare parameters by using the same cutoff
function.
2. Electron vertex
For this vertex one proceeds as before. The evolution equation (9) and the conditions
(20) give
Γ(1)µ (p, p
′; Λ) = Γ′µ(p, p
′; Λ)− Γ′µ(0, 0; 0) ,
Γ′µ(p, p
′; Λ) = −ie3
∫
q
1
q2
χµ(p, p
′, q)KΛΛ0(q, q + p, q + p
′) .
By taking the limit Λ0 →∞ we find
Γ(1)µ (p, p
′; Λ) =− ie3
∫
q
1
q2
{χµ(p, p
′, q)− χµ(0, 0, q)}
− ie3
∫
q
1
q2
χµ(p, p
′, q) {KΛ∞(q, q + p, q + p
′)− 1} .
(30)
As before the last term is violating Ward identities but is vanishing for Λ→ 0.
For large values of Λ we find
σ(1)e (Λ) =
e3
16π2
log
Λ2
m2
+O(∞) . (31)
Notice that at the leading order in Λ we have σ(1)e = σ
(1)
ψ , however this relation is violated
by the finite parts. As anticipated the action at the UV scale is not gauge invariant.
3. Ward identity for electron propagator and vertex
The fact that at Λ = 0 the electron propagator and electron-photon vertex satisfy the
Ward identity can be shown by using the identity
(p′ − p)µ χµ(p, p
′, q) = γρ
(
1
/q + /p+m
−
1
/q + /p′ +m
)
γρ .
From this we obtain
(p′ − p)µΓ
(1)
µ (p, p
′; Λ)− e
(
Π(1)(p′; Λ)−Π(1)(p; Λ)
)
= −ie3
∫
q
1
q2
γρ
KΛ∞(q, p+ q)
/q + /p+m
γρ [KΛ∞(p
′ + q)− 1]− {p→ p′} .
(32)
For Λ = 0 the r.h.s. vanishes thus the Ward identity is satisfied. Notice that for Λ 6= 0 and
finite the violation is not a polynomial in p and p′ and therefore receives contribution both
from the relevant and the irrelevant couplings.
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4. Photon propagator and Ward identity
For the longitudinal and the transverse part of the photon propagator at one loop the
evolution equation (9) and the boundary conditions (17) give
Π
(1)
L,T (p; Λ) = Π
′
L,T (p; Λ)− Π
′
L,T (0; 0)− p
2 ∂
∂p¯2
Π′L,T (p¯; 0) , p¯
2 = µ2 ,
Π′L,T (p; Λ) = e
2
∫
q
IL,T (q; p)KΛΛ0(q, q + p) ,
(33)
with
IL(q; p) = Tr
(
1
/q +m
pµpν
p2
Iµν(q; p,−p)
)
,
IT (q; p) =
1
3
(
δµν − 4
pµpν
p2
)
Tr
(
1
/q +m
Iµν(q; p,−p)
)
,
(34)
where Iµν is defined in (26) and we have Π
′
T (0; 0) = 0. By taking the limit Λ0 →∞ we find
Π
(1)
L,T (p; Λ) = e
2
∫
q
IsL,T (q; p) + e
2
∫
q
IL,T (q; p) (KΛ∞(q, q + p)− 1) ,
where IsL,T are subtracted integrands
IsL,T (q; p) = IL,T (q; p)− IL,T (q; 0)− p
2 ∂
∂p¯2
IL,T (q; p¯) .
For large Λ the relevant couplings are given by
σ(1)mA(Λ) =
e2
8π2
Λ2 +O(∞) , σ(∞)α (∗) = O(
∞
∗∈
) , σ
(∞)
A (∗) = −
⌉∈
∞∈π∈
log
∗∈
m∈
+O(∞) .
(35)
We now show that to one loop order for Λ = 0 the physical propagator is purely
transverse (Π
(1)
L (p; 0) = 0). To show this, in Eq. (33) one writes
IL(q; p) =
1
p2
Tr
(
/p
1
/q +m
− /p
1
/q + /p+m
)
,
changes integration variable in the second term and obtains
Π′L(p; 0) = e
2 1
p2
∫
q
Tr
(
/p
1
/q +m
)
(K0Λ0(q, q + p)−K0Λ0(q, q − p)) .
Due to the difference of the two cutoff functions we have that q2 is forced in the region
q2 ∼ Λ0. By taking for instance an exponential UV cutoff one has
K0Λ0(q + p)−K0Λ0(q − p) = −4
p · q
Λ20
{
1−
p2
Λ20
+
2
3
(p · q)2
Λ40
+ · · ·
}
e−q
2/Λ2
0 (36)
and obtains
Π′L(p; 0) = −
e2
16π2
(Λ20 − 2m
2) +
e2
24π2
p2 +O(
m2, p2
Λ20
) .
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In this calculation the effect of the non invariant regularization is clear. The divergent
integral with the cutoff functions gives a surface term which destroys the transversality of
the propagator. However the longitudinal contributions are of relevant type, thus they are
cancelled by imposing the boundary conditions. One finds
Π
(1)
L (p; 0) = Π
′
L(p; 0)−Π
′
L(0; 0)− p
2∂p′2Π
′
L(p
′; 0)|p′2=µ2 = O(
m2, p2
Λ20
)→ 0 .
For Λ 6= 0 the longitudinal part of the photon propagator is different from zero both in the
relevant (σmA(Λ) and σα(Λ)) and irrelevant (ΣL(p; Λ)) parts.
5. Multi-photon vertices
The evolution equation and the boundary conditions (22) and (23) give
Γ(1)µ1···µn(p1, · · ·pn; Λ) = Γ
′
µ1···µn(p1, · · · pn; Λ)− Γ
′
µ1···µn(0, · · ·0; 0) δn,4 ,
where the subtraction is required only for the four photon vertex. The non subtracted
vertices are
Γ′µ1···µn(p1, · · · pn; Λ) = (−e)
n
∫
q
Tr
{
KΛΛ0(q)
/q +m
I(ΛΛ0)µ1···µn(q; p1, · · · pn)
}
+ permutations (37)
where I(ΛΛ0)µ1···µn is defined in (26). For n > 4 this integral is convergent and we can remove
the cutoff Λ0. In the case n = 4 one needs to consider the subtraction
Γ(1)µ1···µ4(p1, · · ·p4; Λ) = Γ
′
µ1···µ4(p1, · · ·p4; Λ)− Γ
′
µ1···µ4(0, · · ·0; 0)
= e4
∫
q
Tr
{
1
/q +m
(Iµ1···µ4(q; p1, · · · p4)− Iµ1···µ4(q; 0, · · ·0))
}
+ e4
∫
q
Tr
{
1
/q +m
Iµ1···µ4(q; p1, · · ·p4)
}
[KΛ∞(q, q + p1 · · ·)− 1] + permutations .
(38)
The various terms in the non-subtracted vertex Γ′µ1···µ4 are logarithmically divergent when
removing the cutoff. However, by summing over the permutations, these divergent terms
cancel, giving a finite result. In dimensional regularization, at vanishing momenta the
vertex is zero. In the present regularization one finds instead a finite result for Λ0 → ∞ .
At Λ = 0 we have
Γ′µ1···µ4(0, 0, 0, 0; 0) =
e4
12π2
(δµ1µ2δµ3µ4 + δµ1µ3δµ2µ4 + δµ1µ4δµ2µ3) . (39)
The non vanishing of this finite term implies that the subtraction required by the con-
straint (22) is necessary even if its contribution is finite. With this subtraction we have
Γµ1···µ4(0, · · ·0; 0) = 0 which is essential in order to satisfy the Ward identity. For large Λ
the relevant coupling is
σ
(1)
4 (Λ) = −
e4
12π2
+O(
1
Λ2
) . (40)
6. Ward identities for the multi-photon vertices
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The basic identity used to prove the Ward identities is
p1µ1
1
/q +m
Iµ1···µn(q; p1, · · ·pn) =
(
1
/q +m
−
1
/q + /p1 +m
)
Iµ2···µn(q + p1; p2, · · · pn) . (41)
By using (41) in (37) and changing integration variable we can write
p1µ1Γ
′
µ1···µn(p1, · · ·pn; Λ) = (−e)
n
∫
q
[KΛΛ0(q + p1)−KΛΛ0(q + p2)]
× Tr
{
KΛΛ0(q)
/q +m
I(ΛΛ0)µ2µ3···µn(q + p1; p2, p3 · · ·pn)
}
+ · · · ,
(42)
where the dots correspond to the sum over the permutations of (2, . . . n). Consider first
the case n > 4 which needs not subtractions. By expanding for Λ = 0 the differences of
cutoff functions, similarly to (36), we obtain the following behaviour for large Λ0
p1µ1Γ
(1)
µ1···µn(p1, · · · pn; 0) = c (p1µ2 δµ3µ4 · · · δµn−1µn + symm.)
(
1
Λ0
)n−4
+O
(
p1
P 2
Λn−20
)
→ 0 ,
(43)
where P is a combination of external momenta and c a numerical constant. Notice that
(43) implies
Γ(1)µ1···µn(0, · · ·0; 0) = 0 .
In the case n = 4 one obtains a finite result
p1µ1Γ
′
µ1···µ4(p1, · · · p4; 0) =
e4
12π2
(p1µ2δµ3µ4 + p1µ3δµ2µ4 + p1µ4δµ3µ2) +O(p1
P 2
Λ20
) ,
where the constant term comes from the first term in the 1/Λ0 expansion of the differences
of cutoffs. Combining this with the result (39) one finds for Λ = 0 and Λ0 → ∞ that the
Ward identity is satisfied to this order
p1µ1Γ
(1)
µ1···µ4(p1, · · ·p4; 0) = O(p1
P 2
Λ20
)→ 0 . (44)
5. Axial anomaly
Finally we consider the axial Ward identity for the VVA (axial) Tµνρ and the VVP
(pseudoscalar) Tνρ vertices obtained by insertion of the axial iψ¯γµγ5ψ and pseudoscalar
current iψ¯γ5ψ respectively
pν Tµνρ(p, p
′) = 0 , p′ρ Tµνρ(p, p
′) = 0 , (45a)
(p+ p′)µ Tµνρ(p, p
′) = −2mTνρ(p, p′)−
1
2π2
ǫανρβpαp
′
β . (45b)
As well known at one loop the axial Ward identity develops an anomalous term.
Here we recover this result in our scheme. The generating functional for these vertices
are obtained by adding the corresponding source terms in (4). Since these sources do not
couple, no Legendre transformation is needed and the evolution equation for Tµνρ and Tνρ
has the same structure of (9). The boundary conditions are fixed according to the same
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arguments of relevance previously discussed. The Lorentz covariance and symmetrization
with respect to the two photons give the following decompositions
Tµνρ(p, p
′; Λ) = ǫµνρσ(p− p
′)σ A(p, p
′; Λ) + ǫµναβpαp
′
β(p+ p
′)ρΣ1(p, p
′; Λ)
+ ǫµαρβpαp
′
β(p+ p
′)ν Σ1(p
′, p; Λ) + ǫανρβpαp
′
β(p+ p
′)µΣ2(p, p
′; Λ)
(46)
and
Tµν(p, p
′; Λ) = ǫµναβpαp
′
β Σ3(p, p
′; Λ) .
From dimensional counting we have that only the function A has non-negative dimension
and we can write
A(p, p′; Λ) = σ5(Λ) + Σ5(p, p
′; Λ) , (47)
where σ5(Λ) is a relevant dimensionless constant while Σ5 is irrelevant since Σ5(0, 0; Λ) = 0.
The boundary conditions are
σ5(0) = 0 , Σi(p, p
′; Λ0) = 0 , i = 1, 2, 3, 5 .
The last condition is fixed by requiring that the relevant part of effective action satisfy the
vector identity (45a). Imposing these boundary conditions we find, at one loop level
T (1)µνρ(p, p
′; Λ) = T ′µνρ(p, p
′; Λ)− ǫµνρσ(p− p
′)σ A
′(0, 0; 0) , (48)
where T ′µνρ is the one loop graph
T ′µνρ(p, p
′; Λ) =
∫
q
Tr
KΛΛ0(q)
/q +m
γµγ5
KΛΛ0(q − p− p
′)
/q − /p− /p′ +m
γρ
KΛΛ0(q − p)
/q − /p+m
γν
+ (p, ν)→ (p′, ρ) ,
(49)
and
ǫµνρσ A
′(0, 0; Λ) =
∂
∂pσ
T ′µνρ(p, p
′; Λ)|p=p′=0 .
The calculation of the Ward identities follows the same steps as the previous ones, in
particular we must take into account the surface terms coming from the difference of cutoff
functions. We find at Λ = 0
pνT
′
µνρ(p, p
′; 0) =
1
6π2
ǫµαρβpαp
′
β +O(
∞
∗∈′
) , (50a)
p′ρT
′
µνρ(p, p
′; 0) =
1
6π2
ǫµναβpαp
′
β +O(
∞
∗∈′
) , (50b)
(p + p′)µT
′
µνρ(p, p
′; 0) = −
1
6π2
ǫανρβpαp
′
β − 2mT
(1)
νρ (p, p
′; 0) +O(
∞
∗∈′
) , (50c)
where T (1)νρ is the one loop VVP vertex given by the r.h.s. of (49) with γµγ5 → γ5 and
no subtraction is needed. Using (50a) and (50b) and a Lorentz decomposition of T ′µνρ
analogous to (46), we have
A′(0, 0; 0) = −
1
6π2
+O(
1
Λ20
) . (51)
In the limit Λ0 →∞ , the Ward identities (45) are obtained from equation (48), after the
insertion of (50) and (51).
In conclusion we have assumed the vector Ward identities in (45a) only for the relevant
part of the VVA vertex. We have then proved that the two Ward identities in (45a)-(45b)
are satisfied for the physical VVA and VVP vertex. In particular the axial anomaly is
generated by the surface contribution associated to a linear divergent graph.
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4 Ward identities
In this section we prove that the Ward identities are satisfied in perturbation theory when
we take the physical limit. Therefore in this section we suppress the index Λ which is set at
Λ = 0. We use the standard technique based on Feynman diagrams. The important point
is the analysis of the role of the cutoff and the UV limit Λ0 →∞ . As we shall see the non
subtracted vertices violate the Ward identities by surfaces terms coming, as in the one loop
case, from the difference of cutoff functions (36). We show that the violating terms are of
relevant type thus they are cancelled by the subtractions coming by imposing the physical
boundary conditions (13). The presence of the difference of cutoff functions (36) in non
subtracted vertices forces the integration momenta to be of the order of the UV cutoff Λ0.
The evaluation of the integral is then obtained by using the Weinberg theorem [14] for the
asymptotic behaviour at large momenta of the vertices in the integrands. We recall that
this behaviour is given by power counting arguments, apart from logarithmic corrections,
which are inessential for our perturbative analysis.
We consider first the fermion vertex identity and then the photon transversality.
1. Fermion vertex
Consider the general graphs Fig. 3a for the non subtracted fermion propagator which
gives the contribution
Σ′G(p) = i(−e)n
∫
q1
· · ·
∫
qn
(2π)4δ4(
n∑
1
qi) Gµ1···µn(q1 · · · qn) I
(0Λ0)
µ1···µn(p; q1, q2 · · · qn) , (52)
where the function Gµ1···µn(q1 · · · qn) corresponds to the sum of connected and disconnected
Feynman graphs in the upper part of Fig. 3a. This function includes the photon propaga-
tors.
The corresponding graphs for the vertex function are obtained by inserting in Fig. 3a
a photon of momentum k = p′ − p with polarization µ in all possible ways. We obtain
the two contributions of Fig. 4. From the first one in which the photon is inserted in the
fermion line, we find
kµ Σ
′G
µ (p, p
′) = i(−e)n+1
∫
q1
· · ·
∫
qn
(2π)4δ4(
n∑
1
qi) Gµ1···µn(q1 · · · qn)
× kµ
n−1∑
ℓ=1
I(0Λ0)µ1···µℓµ···µn(p; q1, · · · qℓ, k, · · · qn) .
(53)
As we shall see later the contribution of the second type graphs vanish.
The contributions in (52) and (53) are not subtracted so that we should take Λ0 fixed.
The limit Λ0 →∞ can be considered only for the corresponding subtracted vertices
ΣG(p) = Σ′G(p)− Σ′G(p¯)− (pµ −
m
4
γµ) ∂p′µΣ
′G(p′)|p′=0 , /¯p = −m,
kµ Σ
G
µ(p, p
′) = kµ
(
Σ′Gµ (p, p
′)− Σ′Gµ (0, 0)
)
,
(54)
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obtained by imposing the boundary conditions (19) and (20). Subtraction of subdivergences
are considered later. By using (52)-(54) the Ward identity violation
WG(p, p′; Λ0) = kµ Σ
G
µ(p, p
′)− e
(
ΣG(p′)− ΣG(p)
)
(55)
becomes
WG(p, p′; Λ0) = i(−e)
n+1
∫
q1
· · ·
∫
qn
(2π)4δ4(
n∑
1
qi)Gµ1···µn(q1 · · · qn)R
(Λ0)
µ1···µn(p, p
′, q1 · · · qn) ,
(56)
where
R(Λ0)µ1···µn(p, p
′, q1 · · · qn)
=
n−1∑
ℓ=1
kµ
{
I(0Λ0)µ1···µℓµ···µn(p; q1, · · · qℓ, k, · · · qn)− I
(0Λ0)
µ1···µℓµ···µn
(0; q1, · · · qℓ, 0, · · · qn)
}
−
(
I(0Λ0)µ1···µn(p; q1, · · · qn)− I
(0Λ0)
µ1···µn(p
′; q1, · · · qn)
)
− kµ ∂p′′µ I
(0Λ0)
µ1···µn(p
′′; q1, · · · qn)|p′′=0 .
(57)
Without the cutoff one has the identity
n−1∑
ℓ=1
kµ {Iµ1···µℓµ···µn(p; q1, · · · ql, k, · · · qn)− Iµ1···µℓµ···µn(0; q1, · · · qℓ, 0, · · · qn)}
= Iµ1···µn(p; q1, · · · qn)− Iµ1···µn(p
′; q1, · · · qn) + kµ ∂p′′µ Iµ1···µn(p
′′; q1, · · · qn)|p′′=0 ,
(58)
which gives R(∞) = 0. Actually, since the integration in (56) is divergent, we should take
into account the cutoff functions. We obtain
R(Λ0)µ1···µn(p, p
′, q1 · · · qn) = I
(0Λ0)
µ1···µn(p
′; q1, · · · qn)[K0Λ0(p
′ + q1)−K0Λ0(p+ q1)]
+ I(0Λ0)µ1···µn(p; q1, · · · qn)[K0Λ0(p
′ − qn)−K0Λ0(p− qn)]
+
n−1∑
ℓ=2
I(0Λ0)µ1···µn(p; q1, · · · qℓ + k, · · · qn)[K0Λ0(p
′ + q1 + · · ·+ qℓ−1)−K0Λ0(p+ q1 + · · ·+ qℓ)]
− Iµ1···µn(0; q1, · · · qn) kµ ∂p′′µ K0Λ0(p
′′ + q1, · · · p
′′ + q1 + qn−1)|p′′=0 .
(59)
This expression contains differences and derivatives of the cutoff functions. Thus some of
the integration momenta qi are of order Q ∼ Λ0. We have to distinguish the two cases in
which Gµ1···µn corresponds to connected or disconnected graphs.
When Gµ1···µn corresponds to connected graphs, the leading contribution to the violation
(56) comes from the integration region in which all the intermediate photons (q1 · · · qn) have
large momenta of order Q. The resulting asymptotic behaviour of R(Λ0) is given by
R(Λ0)µ1···µn(p, p
′, q1 · · · qn) ≃
kQ
Λ20
Q−n . (60)
This comes from the second order of the expansion of (59) in p and p′, namely the first
derivatives of I(0Λ0) times the first term of the expansion of the cutoff differences. To
evaluate the limit for Λ0 → ∞ of WG we need the asymptotic behaviour of the connected
functions Gµ1···µn(q1 · · · qn) when the momenta become large of order Q ≃ Λ0. This is
provided by the Weinberg theorem which gives
Gµ1···µn(q1 · · · qn) ∼ Q
−2n · Q4−n ,
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where the first factor comes from the n photon propagators and the second from the
dimensional counting of the vertex with only hard photon lines. The momentum integration
in (56) gives a factor Q4n−4, thus the final asymptotic behaviour for Λ0 →∞ is given by
WG(p, p′; Λ0) ∼
1
Λ0
→ 0 . (61)
We consider now the case in which the function Gµ1···µn corresponds to two disconnected
graphs, as in Fig. 3b. We exclude at the moment subgraphs contributing to fermion self
energy. We have again that the leading contribution is obtained when all n intermediate
photon momenta are of order Q ∼ Λ0. In fact the Weinberg theorem gives Gµ1···µn ∼
Q4 ·Q4−3n but the momentum integrations give now Q−4 ·Q4n−4. Then we obtain the same
result in (61). A similar argument holds for the case of any number of disconnected graphs,
excluding fermion self energies.
An independent analysis is needed when Gµ1···µn contains self energy corrections to the
fermion propagators. This is shown for instance in Fig. 3c, in which m photon lines belong
to the self energy correction. The leading contribution is obtained when the m photon
momenta become large and we have Gµ1···µn ∼ Q
4−3m. From the integration we have
Q4−3m. However, since m < n, the behaviour of the function R(Λ0) is now given by
R(Λ0)µ1···µn(p, p
′, q1 · · · qn) ≃
kQ
Λ20
Q−m · Q .
The reason for the extra power of Q, in comparison to (60), is that not all the momenta qi
are large. Thus, when expanding I(0Λ0) in (59), the derivative with respect to p and p′ may
act on a fermion propagator with soft momentum. These behaviours give a non vanishing
contribution to the Ward identity violation WG . This is expected, since the self energy
correction is a relevant contribution and needs to be subtracted. Similarly, the insertions
of the photon k in the fermion lines among the m photons of G′c give vertex corrections,
which are relevant and need subtraction. All these subtractions restore the behaviour in
(61), since they force one to take the derivative with respect to p and p′ of the fermion
propagators in the self energy subgraph. In this way one obtains an additional power of
Q−1. The result is that also in this case WG is vanishing as in (61).
In conclusion, one finds that the differences of the cutoff functions in R(Λ0) imply that
the Ward identity violation is vanishing as an inverse power of Λ0. Due to this fact,
subtractions of the remaining subdivergences, namely vertex corrections, need not to be
analyzed independently since they diverge only logarithmically in Λ0. This means that we
do not need a detailed study of the subdivergences, which relies on the forest technology
[15].
The same proof is valid for the general class of Ward identities relating vertices in which
any number of photons and fermion pairs are emitted from the blob G in Fig. 3a and Fig. 4.
2. Photon transversality
We consider the case in which the photon we want to study is emitted by a fermion
loop, as shown in Fig. 5. We denote by σ the spinor and Lorentz indices of the lines in S.
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The blob corresponds to the sum over all graphs with their subtractions and includes also
disconnected graphs. If we are dealing with a relevant vertex (that is S = γ, 3γ, e+e−), we
must take into account the overall subtractions, as required by the boundary conditions.
The case with other external photons emitted by the same loop will be discussed later.
Associated with the graph in Fig. 5, there are other contributions coming from the
subtractions of subgraphs not contained in the blob. We analyze first those involving the
external photon p. Consider a cut of the diagrams in the blob which disconnects the n
intermediate photons from the external lines S. If the lines which are cut are an electron-
positron pair or three photons (“relevant intermediate lines”), the subgraph identified by
the external photon p and these lines is a relevant vertex, so it must be subtracted. In
order to distinguish these cases, we denote by a box (B) the sum of graphs, with their
corresponding subtractions, which do not have relevant intermediate lines. From this we
have that the graphs in Fig. 5 can be cast in the form of Fig. 6, i.e. the blob can be expanded
as a series of boxes. We denote by Γ′b-boxµ,σ (p;S) the generic term of the expansion involving
b boxes and by Γb-boxµ,σ (p;S) the vertex obtained from Γ
′b-box
µ,σ (p;S) after having subtracted
all the subgraphs involving p. We will show that pµΓ
b-box
µ,σ (p;S) vanishes as a negative power
of Λ0. For this reason, as in the previous case, the subtractions for other subdivergences
(e.g. corrections to vertices and propagators in the fermion loop) need not to be considered
independently, since they are logarithmic in Λ0.
In order to prove the transversality we analyze the asymptotic behaviour of the inter-
mediate momentum integrations by using the Weinberg theorem, neglecting all logarithmic
corrections. In particular we consider the vertices Bnγ,me+e−(q1 · · · ;S), corresponding to
the general box in Fig. 6 in which enter n photons and m fermion pairs with hard momen-
tum. If the state S is “irrelevant”, that is S 6= γ, 3γ, e+e−, from the Weinberg theorem one
has the asymptotic behaviour
Bnγ,me+e−(q1 · · · ;S) = O(Q
−n−3m) , (62)
where all the momenta qi are large of order Q and the momenta in S are finite. If S is
“relevant” one has instead
Bnγ,me+e−(q1 · · · ;S = γ) = O(Q
3−n−3m) ,
Bnγ,me+e−(q1 · · · ;S = 3γ) = O(Q
1−n−3m) ,
Bnγ,me+e−(q1 · · · ;S = e
+e−) = O(Q1−n−3m) .
(63)
From these behaviours we immediately deduce the transversality of Γ1-boxµ,σ (p;S). For the
unsubtracted vertices we have
pµΓ
′1-box
µ,σ (p;S) =
∫
q1
· · ·
∫
qn
(2π)4δ4(
n∑
1
qi + p)
n∏
1
K0Λ0(qi)
q2i
× pµΓ
(1)
µµ1···µn(p, q1 · · · qn)Bµ1···µn(q1 · · · qn;S) .
(64)
The fermion loop in Fig. 6 gives rise to the one loop vertex Γ(1)µµ1···µn with n+1 photons; for
n = 3 the subtraction is included. From (43) and (44) we have that the longitudinal part
of Γ′1-boxµ,σ (p;S) comes from the integration region of large qi, which could compensate the
negative power of Λ0 in p · Γ(1). In this case we can use the behaviours in (62) and (63)
and obtain the following results.
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a) For the irrelevant vertices the photon is transverse
pµΓ
1-box
µ,σ (p;S) = O(
1
Λ0
)→ 0 .
b) For the relevant vertices we find
pµpν
p2
Γ′1-boxµν (p) = aΛ
2
0 + a
′m2 + bp2 +O(
p4
Λ20
) ,
pµΓ
′1-box
µ (p, q1, q2) = c /p+O(p
Q
Λ0
) ,
pµΓ
′1-box
µµ1µ2µ3
(p, q1, q2, q3) = d (pµ1δµ2µ3 + · · ·) +O(p
Q2
Λ20
) ,
(65)
where Q is a combination of the momenta p and qi. The constants a, a
′, b, c, d are relevant
couplings which are cancelled after the overall subtractions leaving longitudinal contribu-
tions which vanish for Λ0 →∞
pµpν
p2
Γ1-boxµν (p) = O(
p4
Λ20
)→ 0 ,
pµΓ
1-box
µ (q1, q2) = O(p
Q
Λ0
)→ 0 ,
pµΓ
1-box
µµ1µ2µ3
(p, q1, q2, q3) = O(p
Q2
Λ20
)→ 0 .
(66)
We already noticed that the blob of Fig. 5 is not necessarily connected. In particular we
can have some of the n intermediate photons q1 · · · qn disconnected from the external lines
S. These contributions give for example corrections to the propagators and vertices in the
fermion loop. From the Weinberg theorem they have the same behaviours as in (66).
We can now prove by iteration that the behaviour of the diagrams with b boxes is the
same as in the case of one box. From Fig. 6 we obtain the contribution for b + 1 boxes in
terms of the one with b boxes as follows
pµΓ
′(b+1)-box
µ,σ (p;S) =
∫
q1
∫
q2
K0Λ0(q1)K0Λ0(q2)(2π)
4δ4(q1 + q2 + p)
× Tr
{
pµΓ
b-box
µ (p; q1, q2)
−i
/q1 +m
Be+e−(q1, q2;S)
−i
/q2 +m
}
+
∫
q1
∫
q2
∫
q3
(2π)4δ4(q1 + q2 + q3 + p)
K0Λ0(q1)
q21
K0Λ0(q2)
q22
K0Λ0(q3)
q23
× pµΓ
b-box
µµ1µ2µ3
(p; q1, q2, q3)Bµ1µ2µ3(q1, q2, q3;S) .
(67)
Assuming for the diagrams with b boxes the asymptotic behaviours given in Eq. (66) and
using (62)-(63) for the box vertices B, we reproduce the assumption for the diagrams with
b+1 boxes. In the limit Λ0 →∞ we have then proved the transversality of the photon for
the graphs with the generic structure of Fig. 5.
Finally we have to consider the case of graphs in which more than one photon is emitted
by the fermion loop. The case with two of such photons (p and p′) is obtained by making
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the substitution Γ(1)µµ1···µn(p, q1 · · · qn) → Γ
(1)
µνµ1···µn(p, p
′, q1 · · · qn) . in (64). In this case the
relevant intermediate lines are given only by two photons and the proof proceeds as before.
For more than two external photons emitted by the first fermion loop we don’t have in-
termediate relevant lines and the proof reduces to the analysis of the one box contribution
and can be done as in the previous case.
5 Perturbative renormalization
Perturbative renormalization is essentially based on power counting. In four space time
dimensions a given vertex Γc1···cn with nA photons and nψ pairs of fermions has dimension
in mass given by
dim Γc1···cn = 4− nA − 3nψ .
To prove perturbative renormalizability we shall follow the method of Ref. [10]. We analyse
the UV finiteness of the loop expansion contributions which are obtained by iterating the
integral equations corresponding to the evolution equations (6) and the boundary conditions
(13) and (14).
1. Integral equations
For the relevant couplings we have the integral equations
σi(Λ) = eδi,e +
∫ Λ
0
dλ
λ
Ri(λ) , (68a)
Ri(λ) = −12
∫
q
Mba(q;λ) Γ¯ab,i(−q, q;λ) , (68b)
where σe(0) = e is the only coupling different from zero. The auxiliary vertices Γ¯ab,i are
given in Appendix B.
For the irrelevant vertices we have two cases according to whether 4− nA− 3nψ < 0 or
4− nA − 3nψ ≥ 0. In the first case the vertices satisfy the integral equation
Γc1···cn(p1, · · ·pn; Λ) = −
∫ Λ0
Λ
dλ
λ
Ic1···cn(p1, · · · pn;λ) , (69)
where
Ic1···cn(p1, · · ·pn;λ) = −
1
2
∫
q
Mba(q;λ) Γ¯ab,c1···cn(−q, q; p1, · · · pn;λ) .
In the second case we have the five vertices Σi given by
ΣL(p; Λ) , ΣT (p; Λ) , Σψ(p; Λ) , Σµ(p, p
′; Λ) , Σµ1···µ4(p1, · · ·p4; Λ) ,
which satisfy the integral equations
Σi(p · · · ; Λ) = −
∫ Λ0
Λ
dλ
λ
Isi (p · · · ;λ) , (70)
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where the subtracted integrands Isi are given in Appendix B. For instance for ΣL(p; Λ) we
have
IsL(p;λ) = IL(p;λ)− IL(0;λ)− p
2 ∂p′2IL(p
′;λ)|p′=p¯
= (p∂p)
4
∫ 1
0
dx(1− x)3
3!x4
IL(xp;λ) − 12(p∂p′)
2[IL(p
′;λ)|p′=p¯ − IL(p
′;λ)|p′=0]
+ 2(pp¯)2(∂p¯2)
2IL(p¯;λ) ,
(71)
where
IL(p;λ) = −12
∫
q
Mba(q;λ) Γ¯ab,L(−q, q;−p, p;λ) . (72)
As we see from this expression, since the subtracted vertex vanishes with its derivative, we
can factorize four powers of momentum and the remaining function has negative dimension.
2. Perturbative analysis
To prove that the theory is renormalizable we must show that the integral equations
give a finite result in the limit Λ0 → ∞ . This can be done perturbatively by iterating
Eq. (68a), (69) and (70), in which we set Λ0 → ∞ . In order to see that the integrations
over λ are convergent, we have to estimate the behaviour of the integrands for large λ. The
analysis can be simplified, following Polchinski, by introducing the norm
|f |λ ≡
p2
i
< cλ2
Max |f(p1, · · ·pn;λ)| ,
which allows us to ignore the momentum dependence. Since the Λ-dependence is fixed
only by the number of photons and fermions, to simplify the notation, we indicate in the
vertices only the numbers nA and nψ
|Γc1···cn(p1 · · · p4; Λ)|Λ ≡ |Γ(nA, nψ)|Λ .
We shall deduce perturbative renormalization by proving by induction on the number of
loops that this norm satisfies power counting. Namely, at loop ℓ, we assume for large Λ
the following behaviours
σ(ℓ)mA(Λ) = O(∗
∈) , σ
(ℓ)
mψ
(∗) = O(∗) ,
σ
(ℓ)
A (Λ) , σ
(ℓ)
ψ (Λ) , σ
(ℓ)
α (Λ) , σ
(ℓ)
e (Λ) , σ
(ℓ)
4 (Λ) = O(∞) ,
|Γ(ℓ)(nA, nψ)|Λ = O(∗
△−\A−∋\ψ) , △− \A − ∋\ψ < ′ ,
|Σ(ℓ)T,L|Λ = O(∗
∈) , |±(ℓ)ψ |∗ = O(∗) ,
|Σ(ℓ)µ |Λ = O(∞) , |±
(ℓ)
µ∞···µ△
|∗ = O(∞) .
(73)
We neglect for simplicity all possible ℓ-dependent powers of log Λ
m
. These behaviours are
satisfied for the one loop case discussed in section 3. We now proceed by iteration and
prove that the behaviours (73) are reproduced at the loop ℓ+1. To do this we need to give
a bound of the r.h.s. of the integral equation by estimating Ri(λ) in (68a) and the norms
of Ic1···cn(p1, · · ·pn;λ) and I
s
i (p, · · · ;λ) in (69) and (70).
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First of all we notice that the norm of the auxiliary vertices have the same behaviours
as the corresponding vertices, as can be seen from their definition. Thus we have
|Γ¯(ℓ)αβ,c1···cn(−q, q; p1, · · · pn;λ)|λ = O(λ
△−\A−∋\ψ−∋) ,
|Γ¯(ℓ)µν,c1···cn(−q, q; p1, · · · pn;λ)|λ = O(λ
△−\A−∋\ψ−∈) .
(74)
Then we observe that the irrelevant vertices with positive dimensions are given by sub-
tracted auxiliary vertices. These are obtained by taking derivatives of the auxiliary vertices
with respect to the external momenta. This reduces the powers of λ
|∂mpiΓ
(ℓ)
c1···cn(p1, · · ·pn;λ)|λ = O(λ
△−\A−∋\ψ−m) . (75)
The proof of this is given for instance in Ref. [10]. Notice that from the assumptions we
find
|Π(ℓ)(q;λ)
1
/q +m
|λ = O(∞) , |⋄
(ℓ)
T ,L(∐;λ)
∞
∐∈
|λ = O(∞) , (76)
thus, using (24), Mab gives a factor λ
−1 for fermions and λ−2 for photons. We now obtain
from the iterative solution of the integral equations the norm of vertices and couplings at
loop ℓ+ 1.
We discuss first the relevant couplings. Consider for instance the iterative equation for
σmA(Λ). We have
R(ℓ)mA(λ) = −
1
2
∫
q
M
(ℓ′)
ba (q;λ) Γ¯
(ℓ−ℓ′)
abL (−q, q; 0, 0;λ) ,
which gives
R(ℓ)mA(λ)∼
<λ2|Γ(ℓ)(4, 0)|λ + λ
3|Γ(ℓ)(2, 1)|λ = O(λ
∈) ,
where we neglected the self energy contributions due to (76) and we have used (73) for the
vertex |Γ(ℓ)(nA, nψ)|λ. We find then
σ(ℓ+1)mA (Λ)∼
<
∫ Λ
0
dλ
λ
(
λ2|Γ(ℓ)(4, 0)|λ + λ
3|Γ(ℓ)(2, 1)|λ
)
= O(∗∈) .
Similar results are obtained for the other couplings. Notice that in this case the integrand
grows with λ and the result is dominated by the upper limit Λ.
We consider now the case of irrelevant vertices. In this case the λ-integration goes up
to infinity (for Λ0 → ∞ ). We treat separately the irrelevant vertices with negative and
positive dimensions. For the first ones we have
|I(ℓ)(nA, nψ)|λ ≃ λ
2|Γ(ℓ)(nA + 2, nψ)|λ + λ
3|Γ(ℓ)(nA, nψ + 1)|λ = O(λ
△−\A−∋\ψ) ,
|Γ(ℓ+1)(nA, nψ)|Λ∼<
∫ ∞
Λ
dλ
λ
|I(ℓ)(nA, nψ)|λ = O(∗
△−\A−∋\ψ) .
(77)
Again self energy contributions can be ignored. Since 4 − nA − 3nψ < 0 the integration
over λ is convergent and the integral is dominated by the lower limit, thus reproducing at
loop ℓ+ 1 the Ansatz (73).
We now study the irrelevant vertices with non negative dimension. Consider for instance
the case of Σ
(ℓ+1)
L (p; Λ) (see (72) and (71)). Due to the subtractions the integrand can be
20
expressed as fourth derivative with respect to the external momenta for which we can use
(75). We have then
|Is(ℓ)L (p;λ)|λ ∼ p
4|∂4I(ℓ)L (p;λ)|λ = p
4O(λ−∈) (78)
for p2 < λ2. We find
|Σ(ℓ+1)L (p; Λ)|Λ ≤ Λ
4
∫ ∞
Λ
dλ
λ
|∂4I(ℓ)L (p;λ)|λ = O(∗
∈) .
We see here that the subtractions make the λ-integration convergent and dominated by the
lower limit Λ. The positive power of Λ in the Ansatz (73) is recovered from Λ4 coming by
maximizing the factor p4 in (78).
6 Conclusions
In this paper we have analyzed how the Ward identities emerge in the Wilson renormal-
ization group formulation of QED. The main feature is that this gauge symmetry must be
implemented at the level of the relevant part of the physical effective action. This implies
that the seven relevant couplings σi(Λ) must be fixed at Λ = 0, according to (1) or (13).
We have shown that in perturbation theory the renormalization group equations ensure
that the full effective action at Λ = 0 and Λ0 → ∞ satisfies the Ward identities. This
fact is deeply connected to the renormalizability of the theory, i.e. to the large momentum
behaviour of the integrands of Feynman diagrams. The UV cutoff Λ0 must be kept when
we study graphs which do not include the subtractions imposed by the boundary condi-
tions in (1). We find that the Ward identity violating contributions involve differences of
the cutoff functions at Λ = 0 which force the integration momenta around the UV cutoff.
Thus their behaviours for large Λ0 are obtained by estimating the large momentum limit
of Feynman diagram integrands, which are given by the Weinberg theorem. For the vertex
identities, the result is that for Λ0 → ∞ the violation, WG(p, p′; Λ0), is vanishing as an
inverse power of the cutoff. This is the reason why we can avoid a detailed study of other
subtractions, which behave logarithmically in Λ0, and the relative forest expansion. For the
photon transversality, we have that for Λ0 → ∞ the possible non vanishing longitudinal
contributions are given by relevant contributions, i.e. by polynomial at most of quadratic
degree in the external momenta, which are automatically cancelled by subtractions.
We want to emphasize that, in order to satisfy the Ward identities, one must require not
only Λ0 → ∞ but also Λ = 0. For Λ 6= 0 the difference of cutoff functions does not force
the integration momentum in the UV region only and the violation of the Ward identities
would not be polynomial in the external momenta. One can verify at the one loop level
that even for Λ0 → ∞ the Ward identities are not satisfied as long as Λ 6= 0. See for
instance Eq. (32) for the vertex identity.
In conclusion the functional Γ[A,ψ, ψ¯; Λ] does not satisfy Ward identities except at the
physical point Λ = 0 and Λ0 →∞ . At the UV scale Λ = Λ0 this functional is given only
by the relevant part, i.e. by the seven couplings σi(Λ0) which are the couplings σ
B
i in the
effective Lagrangian at the UV scale in Eq. (3). Although these couplings do not satisfy
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Ward identities, they are functionally related since they lead to the physical effective action
which fulfils these identities. In Eqs. (29),(31),(35) and (40) we have computed the seven
couplings σi(Λ) at one loop for large Λ, using a sharp momentum cutoff.
In the last part of the paper we have given a simple proof of perturbative renormaliz-
ability of QED in this framework. We used the same method of Ref. [10]. The proof is
based on the fact that Feynman graphs obtained by iteratively solving the evolution equa-
tions are organized in such a way that the loop momenta are ordered. It is then possible
to analyze their ultraviolet behaviour by iterative methods. The necessary subtractions
and the corresponding counterterms are automatically generated in the process of fixing
the physical conditions for the “relevant” vertices. The proof of perturbative renormaliz-
ability is simply based on dimensional arguments and does not require the usual analysis
of topological properties of Feynman graphs.
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Appendix A
We derive here the evolution equation for the cutoff effective action. Taking into account
that
Λ∂ΛΓ[Φ; Λ] = −Λ∂ΛW [J ; Λ] + Λ∂ΛW [0; Λ] ,
the evolution equation for the cutoff effective action is given by
Λ∂Λ
{
Γ[Φ; Λ]− 12
∫
p
Φa(−p)D
−1
ab (p; Λ) Φb(p)
}
= Λ∂ΛW [0; Λ] +
1
2(2π)
8
∫
q
Λ∂ΛD
−1
ba (q; Λ)
δ2W [J ; Λ]
δJb(q)δJa(−q)
.
(79)
The functional in the integrand is the inverse of δ2Γ[Φ; Λ]/δΦa(q)δΦb(q
′)
δ4(q + q′) δab = (2π)
8
∫
q′′
δ2W [J ]
δJb(q′)δJc(−q′′)
δ2Γ[Φ]
δΦc(q′′)δΦa(q)
(−)δa , (80)
where δa is one if a is a fermion index and zero otherwise. We isolate, similarly to Eq. (5),
the two point function contribution in the functional W [J ; Λ]
(2π)8
δ2W [J ; Λ]
δJa(q)δJb(q′)
= (2π)4δ4(q + q′) (−)δa ∆ba(q; Λ) +W
int
ba [q
′, q; J ] .
Notice that the two point function contribution cancels the constant term Λ∂W [0; Λ]/∂Λ
in (79). Then, from (80) we express W intab as functional of Φ(p)
W intab [−q, q
′; J ] = −∆ac(q; Λ) Γ¯cd[−q, q
′; Φ]∆db(q
′; Λ) ,
where the auxiliary functional Γ¯ satisfies the Eq. (8) (see Fig. 1). In conclusion we obtain
Eq. (6).
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Appendix B
The auxiliary vertices Γ¯ab,i for the equation (68b) are given by
Γ¯ab,mψ(−q, q;λ) = −i
1
4
δαβΓ¯ab,αβ(−q, q;−p¯, p¯;λ) /¯p = −m,
Γ¯ab,ψ(−q, q;λ) = i
1
16
(γµ)βα
∂
∂p′µ
Γ¯ab,αβ(−q, q;−p
′, p′;λ)|p′=0 ,
Γ¯ab,e(−q, q;λ) = i
1
16
(γµ)βαΓ¯ab,αβµ(−q, q; 0, 0, 0;λ) ,
Γ¯ab,mA(−q, q;λ) = Γ¯ab,L(−q, q; 0, 0;λ) ,
Γ¯ab,α(−q, q;λ) =
∂
∂p2
Γ¯ab,L(−q, q;−p, p;λ)|p=p¯ p¯
2 = µ2 ,
Γ¯ab,A(−q, q;λ) =
∂
∂p2
Γ¯ab,T (−q, q;−p, p;λ)|p=p¯ p¯
2 = µ2 ,
Γ¯ab,4(−q, q;λ) =
1
24
Γ¯ab,µµνν(−q, q; 0, 0, 0, 0;λ) ,
(81)
where we introduced the notations
Γ¯ab,L =
pµpν
p2
Γ¯ab,µν , Γ¯ab,T =
1
3
(δµν − 4
pµpν
p2
)Γ¯ab,µν .
The integrands Isi for the five vertices Σi (see (70)) are given by
Isi (p1 · · · pn;λ) = −
1
2
∫
q
Mba(q;λ)Γ¯
s
ab,i(−q, q; p1 · · · pn;λ) ,
where the subtracted auxiliary vertices are
Γ¯sab,ψ = Γ¯ab,αβ(−q, q;−p, p;λ)− Γ¯ab,αβ(−q, q;−p¯, p¯;λ)
− (pµ −
m
4
γµ)αα′
∂
∂p′
Γ¯ab,α′β(−q, q;−p
′, p′;λ)|p′=0 ∼ (p∂)
2 Γ¯ /¯p = −m,
Γ¯sab,µ = Γ¯ab,αβµ(−q, q;−p, p
′, p− p′;λ)− Γ¯ab,αβµ(−q, q; 0, 0, 0;λ) ∼ p∂ Γ¯ ,
Γ¯sab,L = Γ¯ab,L(−q, q;−p, p;λ)− Γ¯ab,L(−q, q; 0, 0;λ)
− p2
∂
∂p′2
Γ¯ab,L(−q, q;−p
′, p′;λ)|p′2=µ2 ∼ (p∂)
4 Γ¯ ,
Γ¯sab,T = Γ¯ab,T (−q, q;−p, p;λ)− p
2 ∂
∂p′2
Γ¯ab,T (−q, q;−p
′, p′;λ)|p′2=µ2 ∼ (p∂)
4 Γ¯ ,
Γ¯sab,µ1···µ4 = Γ¯ab,µ1···µ4(−q, q; p1 · · · p4;λ)− Γ¯ab,µ1···µ4(−q, q; 0 · · ·0;λ) ∼ (p∂)
2 Γ¯ .
(82)
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Figure Captions
Figure 1: Graphical representation of Eq. (8) defining the auxiliary functional Γ¯ab[q, q
′; Φ].
Solid lines represent in this case both fermions and photons. The dashed blob
represents the functional Γ¯intab [q, q
′; Φ] defined in Eq. (5).
Figure 2: a) Graphical representation of the auxiliary vertex at zero loop for the electron
emitting n photons.
b) Auxiliary vertex giving the electron propagator at one loop (see Eq.(27)).
Figure 3: a) General graph for the fermion propagator. The function G corresponds to
the sum of connected and disconnected graphs.
b) Example in which the function G is disconnected. No fermion self energy
subgraphs are here included.
c) Example in which the function G is disconnected. In this case G′c gives
subgraphs of fermion self energy corrections.
Figure 4: General graph for the fermion-photon vertex.
Figure 5: General graph for a photon p emitted by a fermion loop. The other external
lines in S are not emitted by this loop.
Figure 6: Expansion for the graph of Fig. 5. The box is defined as the sum of diagrams
for which a vertical line cuts intermediate propagators which are not “relevant
lines”, i.e. a single fermion pair or three photons only.
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